We study the coherent propagation of light whose dynamics is governed by the effective Schrödinger equation derived in a magneto-optically-manipulated atomic ensemble with a fourlevel tripod configuration for electromagnetically induced transparency (EIT). The small transverse deflection of an optical beam, which is ultra-sensitive to the EIT effect, could be drastically amplified via a weak measurement with an appropriate preselection and postselection of the polarization state. The physical mechanism is explained as the effect of wavepacket reshaping, which results in an enlarged group velocity in the transverse direction.
I. INTRODUCTION
The weak measurement proposed by Aharonov, Albert and Vaidamn (AAV) [1, 2] is usually referred to an amplification effect for weak signals rather than a conventional quantum measurement that collapses a coherent superposition of quantum states [3] . In the original Gedanken experiment [1] , a seemingly surprising effect was proposed as it is possible to "measure" an appropriate preselected state of the spin-1/2 particle to obtain the average spin beyond the bound [−0.5, 0.5] of the smallest and largest eigenvalues. Such average spin (called weak value) does not exactly reflect the reality of a single spin, and is only the ensemble average of the measured data over a postselected subset. In this sense, the weak measurement implies some amplification of the resulting signal in the apparatus carrying on the pre-and post-selections [4] . Several groups have studied such weak value amplification (WVA) effect in various physical systems, such as quantum optical [5] [6] [7] [8] and condensed matter systems [9, 10] . Note that WVA has been utilized as a quantum-coherent manipulation to engineer various interesting quantum effects, such as superluminal effects in birefringent optic fiber [11] , ultra-sensitive beam deflection [7] and optical spin-Hall effects [12] [13] [14] [15] [16] .
In this paper, we study the weak-value problem of spin-1/2 with polarized light beams propagating in a dispersive medium, a four-level atomic ensemble controlled by external fields. The motion of the light-wave envelope in such a coherent medium is described by an effective Schrödinger equation resembling the precession of a spin-1/2 in an inhomogeneous magnetic field [18] [19] [20] [21] . However, because the effective magnetic field is very weak due to the inhomogeneity of the coupling transitions, the deflection of the light beam is usually difficult to observe even for EIT with two-photon resonance. For example, in the experiment by Karpa and Weitz [17] , the angle of deflection is only about 2 × 10 −5 rad when the light passes through a gas cell 5cm long.
Since our concern here is only the deflection of the optical beam rather than the enhancement of the beam split, and the two beam's split may be deflected in the same direction, we consider weak measurements to achieve this goal. According to our previous series of studies [18] [19] [20] [21] , the motion of the transverse wavepacket is described by a Schrödinger-like equation, similar to that for the spin-1/2 in a transversely-inhomogeneous magnetic field in the Stern-Gerlach experiment [21] . Thus, the peak of the optical beam will split into two, according to the initial polarization, under the influence of the transverse magnetic field gradient. When making a postselection on the final polarized state, the projection on this chosen polarization state mixes the two local wave packets in the transverse split. If such a weak measurement does not deform too much the shape of wavepacket, the transverse distance of the reshaped wavepacket from the center of the beam may be very large compared to that for any peaks in the optical Stern-Gerlach experiment. We carry out the relevant calculations in detail by making use of the effective field approach [22, 23] . This paper is organized as follows. In Sec. II, we present a theoretical model for a four-level atomic ensemble with tripod configuration in the presence of nonuniform external fields, and derive the system of equations for the dynamics of the signal field in the atomic linear response with respect to the probe field. In Sec. III, we present the optical Stern-Gerlach effect of the probe beam in momentum space, which is induced by the interaction between the dispersive atomic medium and probe field used for EIT. In Sec. IV, we theoretically study the transverse deflection of the probe field via weak measurements, which can amplify signals by appropriate preselected and postselected states of the system. We conclude our paper in the final section. 
II. MODEL SETUP
Consider an ensemble of N identical and noninteracting atoms confined in a rectangular gas-cell, characterized by the ground-state Zeeman sublevels |± , one intermediate state |s , and an excited state |e , as shown in Fig. 1 . The levels are coupled by two optical fields: a control laser field with frequency ν c and wave-number k c , and a probe laser field with frequency ν and wavenumber k. The control field is assumed to be homogeneous and strong enough for propagation effects to be neglected, which was tuned to the |s → |e transition. The coupling strength is characterized by the Rabi frequency Ω. The probe laser field is linearly-polarized and propagating along the z-axis. Its linear polarization is a superposition of left-and right-handed circular polarization, labelled by σ ± . We denote the σ j -polarized component asẼ j (r, t) , j = ±, which drives the transitions |± ↔ |e , respectively. The atomic gas cell can be divided into many smaller cells. We assume that each smaller cell contains a large number of atoms and the inhomogeneous external field is sufficiently homogeneous for each smaller cell [18] . In this case, the atomic medium can be treated in a continuous way by the following approach. First, describe the medium excitation by introducing the collective atomic operatorsΞ µν (r) = (1/N r ) Nr j=1Ξ j µν , averaged over a small but macroscopic volume containing many atoms N r = (N/V )dV ≫ 1 around position r. Here,Ξ j µν (r) = |µ j ν|. Afterwards replace the sum over the total number N of atoms by
3 r, where V is the volume of the medium [22, 23] . Neglecting the kinetic energy of the atoms, the Hamiltonian of the atomic part is given by
where ω i (i = ±, s, e) are the bare atomic energies, and ω ± = ω 0 (which corresponds to degenerate levels when B = 0). The magnetic field B along the z-axis shifts the energy levels by the amount µ i B (r), where the magnetic moments,
are defined by the Bohr magneton µ B , the gyromagnetic factor g i F , and the magnetic quantum number m i F of the corresponding state |i . Under the electric-dipole approximation and the rotatingwave approximation, the light-matter interaction Hamiltonian becomes [22, 23] 
with d e− (d e+ ) denoting the matrix element of the dipole momentum operator projected on the direction of the electric field. The slow-varying variables E j (r, t) for the probe field and the collective atomic transition operators Θ αβ can be defined as
In a rotating reference frame, the dynamics of this system is described by
with δ i (i = ±, c) the detunings of the probe and control fields from the corresponding atomic transitions given as
and the coupling strength as
The Hamiltonian in Eq. (4) generates the Heisenberg equations of the slowly-varying variables Θ µν . The Langevin equations are obtained to describe the dynamics of the medium by introducing the coherence relaxation rate γ between the ground state |± and the intermediate state |s , as well as the decay rate Γ of the excited state. The low intensity approximation [22] [23] [24] , on one hand, allows us to neglect Langevin noise operators since the number of photons contained in the probe laser beams is much smaller than the number of atoms in the sample, so the operators become c-numbers. On the other hand, it allows us to regard the interaction between the matter and the probe field as a weak disturbance, since the intensity of the probe laser beams is much weaker than that of the control laser field. The perturbation approach [22, 23, 25] can be applied in terms of a power series in gE j :
where ε is a parameter that ranges continuously between zero and one. When ε = 0, the probe field is absent. For all atoms initially in level |± without polarization (i.e., atom i in a mixed state ρ i = Σ j=± |j j|/2), we obtain
while all others terms vanish. Here, we retain only terms up to the first-order in ε, since the linear optical response theory can sufficiently reflect the main physical features. The dispersion and absorption are determined by Θ
je , which is obtained as
in the steady-state solutions [20, 21, 25] , where pure dephasing processes and decay among the lower states are neglected (γ = 0) to highlight the main physics, and a sufficiently strong driving field is assumed to satisfy |Ω| 2 ≫ Γγ, ∆ 2 j . We note the assumption on the strong driving field implies that |Ω| ≫ |(µ + − µ − ) B|. The Raman detuning is defined as
which leads to a spatially-varying refractive index profile in the gas cell [18] due to the small transverse magnetic field gradient. Using the slowly-varying-envelope approximation, the paraxial wave equation in the linear optical response theory [22, 23, 25] 
becomes an effective Schrödinger equation
by substituting Eq. (8) into (10), where the effective Hamiltonian is
Here c is the velocity of light in vacuum and p z = −i∂ z . Notice that the σ ± -polarization accompany the component E ± . Writing the σ ± -polarization states as column vectors resembling the spin-1/2
where the superscript T means transpose, we can group the two components E ± into a column vector defined as the "spinor state" Φ = [E + , E − ] T . The dynamical equation of the probe laser field reads
which allows us to write the state of the probe laser field at any arbitrary time as
Here, the states |E j describe the state of the spatial degrees of freedom, with E j (r, t) referred to as the corresponding spatial representation. Hereafter, to investigate the beam deflection amplification of light beam, propagating in the dispersive atomic ensemble, we use a signal enhancement technique known from weak measurements [27] . Along with the standard weak measurement terminology, the transverse position degree of freedom of the probe beam is referred to as the meter and its intrinsic polarization degree of freedom is referred to as the measured system.
III. OPTICAL STERN-GERLACH EFFECT
We now investigate the evolution of the probe wave packet. The polarization vector of the probe field lies in the plane perpendicular to its travelling direction (i.e., the z-direction). It is initially prepared in a superposition state
of the horizontal polarization, |H = (|σ + + |σ − ) / √ 2, and vertical polarization, |V = −i (|σ + − |σ − ) / √ 2, where α is the polarization angle of the probe light beam. For weak measurement, this angle is very small, which means that the probe field is initially almost in the horizontal polarization state. The role of α in the transverse beam deflection amplification via weak measurements will be further discussed in the next section.
The two components of the probe field travel collinearly before reaching the medium, which implies that initially |E j (t 0 ) = |E 0 (0) , where the initial time t 0 = 0. After the probe field enters the medium, the atomic ensemble induces the time evolution operator U (t) = e −iH eff t on the meter state according to their polarized state. Then the state at an arbitrary time becomes an entangled state
where the meter state is described by
We will show that E ± (r, t) in Eq. (17) implies a wavepacket split in momentum space according to polarizations. After a measurement on the postselected state |V , the meter is reshaped as
Obviously, the superposition of the two wavepackets E ± (r, t) can produce an interference pattern in the coordinate space. Now we assume that the magnetic field B applied in the z-direction has a linear gradient along the x-direction with the expression
Here, our treatment is confined to only one transverse dimension, say the x-direction. The effective Hamiltonian in Eq.(12) reads
where the parameters
can be adjusted by the control laser field and the magnetic field as well as the energy levels. For an initial state with a two-dimensional Gaussian amplitude profile
the EIT medium introduces different phase shifts on the meter wavepacket according to the right-handed or lefthanded circularly-polarized state, and a displacement ct along the z-direction
Since [H j , x] = 0, the center of E j (r, t) does not change with time, x j = 0, which implies no spatial split of the meter wavepacket. A Fourier transformation on Eq.( 24)
shows that each meter's wavepacket keeps the longitudinal momentum unchanged and acquires a transverse momentum with magnitude b 1j t, which is a linear function of time. Therefore, two wavepackets of the probe field have the same centroid, but achieve different momenta in the x-direction inside the EIT medium. To illustrate the split of the probe beam in momentum space, we assume that the probe beam with an initial width a = 2 mm is tuned to the rubidium ( 87 Rb) D1-line 5 2 S 1/2 ↔ 5 2 P 1/2 , that the ground states |± correspond to the magnetic sublevels (with m F = 1 and −1) of the F = 1 hyperfine ground state, and that |s represents the hyperfine ground state |F = 2, m F = 1 . In this case, the phase shift on the σ − -component vanishes due to µ s = µ − = 4.64 × 10 −24 JT −1 . Hence, there is no shift of the momentum on the σ − -component. The magnetic field gradient B 1 = 910 µGmm −1 and the magnetic moments µ + = −µ s subject the wavepacket of the σ + -component to a linear potential in the transverse direction. In Fig. 2 , we show such an optical Stern-Gerlach effect in momentum space by plotting the transverse distribution |E j (k x , t f )| 2 as a function of the wavenumber k x = p x / using the typical group velocities of a few thousand metres per second [26] at a fixed time t f , where t f = L/c denotes the interaction time with L = 50 mm as the cell length. Obviously, the transverse displacement is smaller than the uncertainty of the width of two wavepackets of the meter.
However, postselecting the system on a desired polarized state |V leads to a coherent superposition of two transverse wavepackets. The interference of the two meter's wavepackets displace the centroid of the wave packet in coordinate space by
where we have introduced
We also note that when the optical beam is deflected by the EIT medium, the wave packet will spread in the transverse direction. This spread will blur the observation of deflection. To examine this, we calculate the transverse fluctuation
with b 0 = 0. Usually, only if △x 2 < x 2 , we can clearly observe such deflection. Otherwise, i.e., △x 2 > x 2 , the deflection will be blured by the transverse spreading of wavepackets. In this case, a weak-measurement technique is necessary to observe the extremely small deflection of the light beam.
IV. WEAK VALUE AND DEFLECTION OF THE OPTICAL BEAM
In the previous section, we have shown that the projection measurement on the initial polarization described by the state |i in Eq. (16), could induce the transverse displacement of the optical beam after light passes through an EIT medium. Now, we will consider the maximization of this transverse displacement, with the weak measurement proposed by Aharanov et al. [1] .
A weak measurement describes a situation where a system is so weakly coupled to a measuring device that the uncertainty in the measurement is larger than all the separations among the eigenvalues of the observable. Therefore, no information is given since the eigenvalues are not fully resolved. Three steps are necessary for weak measurements: 1) quantum state preparation (preselection); 2) a weak perturbation; 3) postselection on a final quantum state. The three essential ingredients of weak measurements were theoretically performed in the previous section.
First, we have initially prepared the state |i of the system and a Guassian wave packet of the meter before the light is incident on the medium. Second, the polarizationdependent effective potential in Eq. (14) changes the polarized state as
The state |φ indicates that there is an interaction Hamiltonian between the system and the meter, H int = ξσ z with ξ = b 1 x/2, and a free evolution exp (−ib 0 tσ z /2) on the spin. Here, |σ ± are the eigenstates of the Pauli operator σ z with eigenvalues ±1. A weak perturbation is guaranteed when the transverse displacement in momentum space is smaller than the width of the transverse distribution. In addition, the coupling strength b 1 could be adjusted by the control laser field and the magnetic field gradient. Afterwards, the polarization state |V is postselected. The information on the observable of the system is read out from the transverse spatial distribution which serves as the meter. However, the mean position in Eq. (26) is not the weak value. Weak measurements can provide the weak values defined by σ z w = ψ fi |σ z |ψ in / ψ fi |ψ in , where |ψ in and |ψ fi are the preselected and postselected states of the system, respectively. Here, they are given by
In our case, the observable is σ z . Taking the free evolution of the spin into account, we obtain the weak value
From the definition of weak value, one can find that if the free evolution of the spin is not taken into account, the resulting weak value is i cot (α/2), rather than the above result.
It is well known that the weak value is linked to the final read of the meter. To obtain the mean position, one should first expand ψ fi | exp (−iξσ z t) |ψ in until its first order in b 1 t. Actually, this first-order expansion is valid in our system since we only consider the short-time behavior and the the external magnetic field gradient B 1 in the x-direction is very small; thus b 1 t ≪ 1 is satisfied. Then we write ψ fi | σ z |ψ in in terms of the weak value σ z w . Finally, we regroup it to an exponential function ψ fi |ψ in (1 − iξ t t σ z w ) ≈ ψ fi |ψ in exp (−iξ t t σ z w ), which yields
as the observed mean position of the meter. It can be seen from Eq. (30) that the final read of the meter is proportional to the imaginary part of the weak value. To find the relation between the result in Eq. (26) and the weak value in Eq. (30), we rewrite Eq. (18) as
by retaining the linear term of the Taylor series expansion of exp (−ib 1j xt). After some algebra, we find that the mean position in Eq. (30) is a linear approximation of Eq. (26) with respect to the coupling between the system and the meter. After the postselection of the polarization degrees of freedom, the normalized wavepacket of the probe field in the transverse direction becomes In Fig. 3 , we plot the transverse distribution of the incident wavepacket in Eq. (23) with a red solid curve, |Ψ N f (x, t) | 2 in Eq. (32) at time t f = L/c (black dashed curve), and the normalized norm square of Eq. (19) right after the probe field leaves the atomic medium (green dashed-dotted curve). Obviously, the weak measurement significantly enhances the deflection of the probe field.
Different from the mean value of a quantummechanical measurement, which must lie within the range of eigenvalues, weak values in Eq. (29) produce results much larger than any of the eigenvalues of an observable, particularly when one chooses the intial state |ψ in with α = −b 0 t f (where t f is the total interaction time). By performing a weak measurement of the probe laser field that has passed through an EIT atomic medium, we are able to significantly magnify the transverse displacement of the probe field, which results in a large group velocity d x wv /dt in the transverse direction. The deflection angle given in Ref. [17] is defined as θ = c −1 d x wv /dt. When b 0 = 0, the deflection angle is totally decided by the original polarization angle α. And the magnitude of the deflection angle could be arbitrarily large as α approaches zero. Comparing to the angle of deflection 2×10 −5 rad for the EIT condition [17] , the weak measurement technique discussed here drastically amplifies the displacement of the probe field in the transverse direction.
V. DISCUSSION
We have theoretically studied a magneto-opticallycontrolled atomic ensemble under the EIT condition to couple a property (the observable σ z ) of the polarization (the system) with the spatial degree of freedom (the meter). In the paraxial regime, the dynamics of the transverse distribution is governed by an impulsive measurement interaction Hamiltonian H int = ξσ z , which makes the displacements of the transverse spatial components polarization-dependent. An enhanced displacement in the meter distribution is achieved by an appropriate preselection and postselection of the polarization state. However, the choice of the preselected state is dependent on the accumulated phase during the free evolution of the system with the weak measurement taking place in between. 
